Invariant of the hypergeometric group associated to the quantum cohomology of 

the projective space. 
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Abstract - We present a simple method to calculate the Stokes matrix for 
the quantum cohomology of the projective spaces CP'^^^ in terms of certain 
hypergeometric group. We present also an algebraic variety whose fibre integrals 
are solutions to the given hypergeometric equation. 

1. Generalized hypergeometric function 

We begin with a short review on the motivation of our problem making reference to the works [S], jJT] where 
one can find precise definitions of the notions below. 

At first, we consider a k— dimensional Frobenius manifold F with flat coordinates {ti, ■ ■ ■ , ifc)G F where 
the coordinate ti corresponds to coefficients of the basis of the quantum cohomology H*{CP'^^^). On 
one can define so called quantum multiplication 



or 



_d_ 

dt„ 



= C2 



d 



■^dt^ 



_d_ 

dtp 

on the level of vector fields on F. The Frobenius manifold is furnished with the Frobenius algebra on the 
tangent space TfF depending analytically on i £ F, TfF — {At, < , >t) where At is a commutative associative 
C algebra and < , >t: At x At C a symmetric non-degenerate bilinear form. The bilinear form < , >t 
defines a metric on F and the Levi-Civita connexion V for this metric can be considered. Dubrovin introduces 
a deformed flat connexion V on F by the formula VuV := V„i; + xu-v with x € C the deformation parameter. 
Further he extends V to F x C. Especially we have = — E(t) — ^, where E(t) corresponds to the 

d , i,4-_ d 



multiplication by the Eulcr vector field E{t) = J2i<j^2<k-i('^ ^ ■j^^iW' ^^2^- 

After [5], JJj the quantum cohomology u{x) = {ui{x),--- ,Uk{x)) for the projective space CP*^" 



at a 



semisimple point (0, t2, 0, . . . , 0) (i.e. 
system of differential equation: 

(1.1) 

where 



C2(0,t2,0,...,0) 



the algebra {At,< , >t) is semisimple there) satisfies the following 



d,u{x) = (fcC2(t) + ^)u{x). 



2,/3A</3:7<fe 



/ 

1 





V 

The matrix /i denotes a diagonal matrix with rational entries: 



0*2 



1 ; 



/i = diag{^ 



k-1 fc - 3 



k-3 k-1 



}■ 



The last component u'^{z) (after the change of variables z := kxe ^ ) of the above system for the quantum 
cohomology satisfies a differential equation as follows |11|: 



(1.2) 
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with = -^^^ After the Fourier-Laplace transformation 



we obtain an equation as follows: 



u{X) = I e^''z^u''{z)dz, 



PA + l)'=-(|^mA)-0. 



Here the notation -dx stands for A^^. After multiplying A*^ from the left, we obtain 

[\\^x + If - - l)(l?A - 2) • • • (l?A - (fc - 1))]m(A) = 0. 

The equation for Au(A), the Fourier-Laplace transform of -^z should be 

(1.3) [A'=(^?a)'= - {^x - iWx - 2) • • • - m\u{\)) = 0. 

It is evident that the Stokes matrix for -^z ^^u^^z) is identical with that of the original solution u^{z). 

Before preceding further, we remind the following theorem that gives connexion between the Stokes matrix 
of the system (1.1) with the monodromy of the equation (1.3). Let us consider the Fourier-Laplace transform 
of the system (1.1): 

(1.1)' (^A + idk)u{\) = {kC2{t)dx - /i)"(A). 

In a slightly more general setting, let us observe a system with regular singularities: 
(1.1)" (A - A . idk)dxi{\) = {idk + Ai(A))^(A) 

with A e GL(fc, C) whose eigenvalues (Ai,... ,Afe) are ah distinct, Ai{\) G End{C^) (g) Oc with ^i(O) = 
diag{pi, ■ ■ ■ , pk) where none of the p^'s is an integer. We call solutions to a scalar differential equation deduced 
from (1.1)" component solutions. Thus solutions to (1.3) are component solutions to (1.1)". 
Theorem 1.1. ( [Q, Under the assumption that the eigenvalues of the matrix ^i(O) are distinct, the 
Stokes matrix S for the component solutions o/(l.l) expresses the symmetric Gram matrix G of the component 
solutions o/(l.l)' as follows: 

'S + S = 2G. 



As for the definition of the Stokes matrix S for the system (1.4) we refer to [5], The main theorem of 
this article is the following: 

Theorem 1.2. The i,j component Sij, 1 < i, j < k of the Stokes matrix to the system (1.1) has the following 
expression: 

\ i<j 

This theorem has already been shown by D.Guzzetti jll| by means of a detailed study of braid group actions 
etc on the set of solutions to (1.2). We present here another approach to understand the structure of the Stokes 
matrix. 

Remark 1. In this article we observe the convention of the matrix multiplicatin as follows: 

k-l 

A-x — iaij)Q<ij<k-iixi)Q<i<k-i ~ C^aijXi)o<j<k-i- 

i=0 

The matrix operates on the vector from left, in contrast to the convetion used in [S] , |llj . 
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On the other hand it has been known since |2| that a collection of coherent sheaves 0{—i) < i < fc — 1 on 
CP''^^ satisfies the following relation 

Hom{0{-i),0{-j)) = S'-^{C''),0< i,j <k-l 

Ext\0{-i),0{-i)) = 0,0 < j < fc - 1,^ > 
These relation entails immediately the equality 

X{0{~^),0{-J)) ■.= Y,{-lfExt\0{-i)M-j)) = 

£=0 

We consider action of the braid group j3i £ Bfc, 1 < i < fc — 1 that corresponds to the braid action between 
j— th basis and {i + 1)— st basis of the space on which act a matrix. In our situation, [3i represents the braid 
action between 0{\ — i) and 0{~i). In literature on coherent sheaves on algebraic varieties, this procedure is 
called mutation (e.g. jHI). Let us denote by (3 an element of the braid group 

/3 = /3i(/32/3i)---(/?fc-i---/32/3i). 

We introduce a matrix of reordering J = (5i_fc_i_i,0 < i < fc — 1. In this situation our Stokes matrix from 
Theorem ll.2l is connected with the matrix x '■— (x(C'(— i), 0{—i)) < i, j < fc — 1 in the following way, 

Eventually it turns out that x = . This general fact on the braid group is explained in jJSj, §2.4. 

As our Stokes matrix is determined up to the change of basis, including effects by braid group actions, the 
Theorem ll.2l is a confirmation of an hypothesis [S] that the matrix for certain exceptional collection of coherent 
sheaves on a good Fano variety Y must coincide with the Stokes matrix for the quantum cohomology of Y. 

Our strategy to prove Theorem II . 21 consists in the study of system (1.1)', instead of (1.1) itself. 

Further we consider so called the Kummer covering (naming after N.Katz) of the projective space CP by 
C, = \^ to deduce an hypergeometric equation: 

(1.4) [C(^c)' - (^c - \m - ^) • • • (^c - i)HC) = 0, 

for v{\^) = \u{X). We remind of us here a famous theorem due to A.H.M.Levelt that allows us to express the 
(global) monodromy group of the solution to (1.4) in quite a simple way. For the hypergeometric equation in 
general, 

k k 

(1-5) [11 ('^c - " C n(^c - PiMO - 0, 

we define two vectors (Ai, • ■ • , A/j) and (i?i, • • ■ , B^^j in the following way: 

k 

J|(i _ e^'^"^*) = + Ait^-"' + A^t^-"^ + • • • + Afc, 
i=i 

fe 

11 (t - e^''^'*) = + B^t^-^ + B^t^-'^ + • • • + Bfc. 
i=\ 

Definition 1.3. A linear map L G GL{k, C) is called pseudo-reflexion if it satisfies the condition rank{idk — 
L) = 1. A pseudo-reflexion R satisfiying an additional condition — idk is called a reflexion. 



k+i-j-lCi- 



i > j 
i < j. 
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Proposition 1.4. ( For the solutions to (1.5), the monodromy action on them at the points C = 0, oo, 1 

has the follwing expressions: 



(1.6) 



/ 
1 
1 

V 

/ 
1 
1 



-Ak \ 

-Ak-1 
-Ak-2 



1 -A, J 

■ -Bk \ 

■ -Bk-i 

■ -Bk-2 



V 



1 



whereas hi — [h^h^ ^ is a pseudo-reflexion. 



It is worthy to notice that the above proposition does not precise for which bases of solution to (1.5) the 
monodromy is calculated. As a corollary to the Proposition II .41 however, we see that the monodromy action 



on the solutions to our equation (1.4) 


can be written down with 


respect to a 








( ° 










1 \ 












1 

















(1.7) 




ho = 





1 




















V 
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) 










/ kCi 
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\ 






-kC 


2 







1 














































1 









(-1)" kC 


fc-1 













1 






\ -(-1)' 
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In other words, 




















(1.8) 


det{t 






- l,det{t - 






(t- 


1)^ 


Furthermore we have. 
























1 (-1) 


fc-1 















\ 






(-1)* 


-2 

k 


Cfe-i 


1 













(1.9) 


hi = 


(-1)^ 


-'k 


Cfc-2 





1 































1 / 



In the next sectin we will see that the theory of Levelt supplies us with necessary data to calculate further the 
Stokes matrix of the solutions to (1.1). 
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2. Invariants of the Hypergeometric group 

Let us begin with a detailed description of the generators of the hypergeometric group defined for the 
solutions to the equation (1.3). 

Proposition 2.1. (cf. |H] /, 8.5) The generators of the hypergeometric group H of the equation(1.3) are 
expressed in terms of the matrices introduced in the Proposition \l .4\ as follows: 

(2.1) Mo = h'^ = 1, Ml = hi = {hoh^)-\M^ = h'^,M^. = h^hih^^{i = 1, 2, • • • , - 1), 

where Mt denotes the monodromy action around the point t G CP\. The generators around singular points 
_ g27rv^i-jT naturally satisfy the Riemann-Fuchs relation: 

(2.2) ■ ■ ■ M^Mi = idk. 



proof Let us think of a /c— leaf covering CP;^ of CPj that corresponds to the Kummer covering = A. In 

lifting up the path around C = 1 the first leaf of CP^, the monodromy hi is sent to the conjugation with a 
path around A = oo. That is to say we have M^^ = h^hihoo- For other leaves the argument is similar. Q.E.D. 
Let us denote by a k x k matrix that satisfies the relation 



(2.3) gX^ *.g = X' . 

for every element gr of a group K C GL{k, C). From the definition, the set of all X^ for a group K reperesents 
a C vector space in general. We will call a matrix of this space the quadratic invariant of the group K. In the 
special case in which we are interested, the following statement holds. 

Lemma 2.2. For the hypergeometric group H generated by the pseudo-reflexions as in (2.1), for every X^ 
there exists a non zero k x k matrix X^ such that X^ — \X^ for some A G C \ {0}. 

proof The relation 

(2.4) hiX%i=X 

gives rise to equations on Xi^j and XjQ. That is to say, the first row of (2.4) corresponds to 



while 



(-1)' feC.xoo - (-I)'' ^XiQ = xm, \<i<k-l. 
Thus we obtained 2(/c — 1) linearly independent equations. Further by concrete calculus one can easily see that 



where 



T, = 





Co ~1 



M„ 



idk + Ti, 



t'Pri 



t^pTk^l 



\ 


} 



with (k — £)~ zero columns from the right. The remaining columns are generated from Ti after simple linear 
recurrent relations by an inductive way. The relation M^^X 'Af^ = X gives rise to new equations 



(1 + t'"^\i)'^xii + linear functions in {xgi, Xio) ~ xn , 



with (1 + t^^Vi) = -1 + ikCif ^ 1 and 

(1 + t''-^\i)xii + linear functions in {xgi, Xio, xn) = xu 
(1 + t'^i^Ti)Xii + linear functions in [xgi, Xio) = xu . 
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Thus we get 2fc — 3 new linearly independent equations. In general for (i?, £) term, we get from the relation 

M^tX *M^£ =x,i<e<k-i 



(1 + t^'pTiYxu + linear functions in {x^i, Xi^, < v < £ — 1) 



with 1 + tfKi = -1 + {kCi)'^ ^ 1. For xa 

(1 + tPTi)Xii + linear functions in [x^i, Xi^, < v < £ ~ 1 , xu) — x^. 

In this way we get a set of 2(fc — 1) + '}2!e.Z\{2{k — £) — 1) — — 1 independent linear equations with respect 
to the elements of X. Q.E.D. 

The quadratic invariant X^° for Hq = {ha^hoo} is invariant with respect to H. After the lemma C 
vector space of quadratic invariants X^ is one dimensional. Thus every X^° is also X^ . Hence we can calculate 
the quadratic invariant X^ after the following relations, 

(2.5) KqX" *ho = X", hooX" *hoo = X". 

From ^ we know that the inverse to X^° = X^ , if it exists, must be a Toeplitz matrix i.e.: 

/ Xq Xi X2 ■■ ■ Xk-i \ 

X-l Xo Xi ■ ■ ■ Xk-2 

X„2 X-i Xo ■■ ■ Xk~3 



V 



Xo 



x-{k-i) a;_(fc_2) a;_(fc_3) 

Making use of this circumstances, it is possible to show that the system of equations that arises from the 
relations 

for {X^")^^ consists of 2(fc — 1) equations. 
(2.6)' 



•^k — l — i — •^ — 2—1; 

(2.6)" {-if+^Xk-i-, + {-if kCk-lXk-2-^ + ■■■+ kC3X2- 

This calculates the matrix X^ for the case fc— odd. 

As for the case k— even, our matrix X^ has the following form 

/ yi y2 

y-i yi 

x" = y-2 y-i 



kC2Xi-i + kx- 



Vk-i \ 

yk-2 
yk-3 



X-l- 



J 



\ y-(k-i) y-(k-2) y~(k-^3) ■■■ 

where • • - yk-i satisfy 2(fc — 1) equations for some constant yo-, 

(2.6)"' y, + - 0, - = 2(-l)'' kQyo I < i < k - I, 

which are derived from (2.5). Thus the matrix X^ for the case /c— even is obtained. 
We remember here a classical theorem on the pseudo-reflexions. 

Theorem 2.3. (cf. Bourhaki Groupe et Algebre de Lie Chapitre V, §6, Exercise 3) Let E he a vector space 
with basis (ei, • • • , e^), and their dual basis (/i, ■ • ■ , fd)& E* . Let us set Uij = fiiej). The pseudo-reflexion Si 
with respec to the basis fi is defined as 



Si{ej) 



fi{ej^ei 



°j aijCi. 
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Set 







1 an 


021 


031 • • • 


Odl \ 




/ 





••• 


\ 









022 


032 • • • 


Od2 




012 





••• 





(2.7) 


V = 








033 • • ■ 


0(i3 


,t/ = 


013 


023 


••• 









I 





... 


Odd / 




\ Old 


02d 


• • • Od-l,d 


/ 



Under these notations, the composition of all possible reflexions Sd^d-i ' 
to the basis (ei , • • • , Cd) is expressed as follows: 



■ ■ si (a Coxeter element) with respect 



(2.8) 



SdSd-i • • • si = {idd - V){idd + U)~ 



proof For 1 < i, A; < d we define 
It is possible to see that 



Vi = Si-i - ■ ■ si{ei). 



ei = yi+ ^ akiyk,Sd - ■ ■ si{ei) = Pi - ^ auyk- 

k<i<d i<k<:d 

The statement follows immediately from these relations. Q.E.D. 

To establish a relationship between the invariant and the Gram matrix necessary for calculus of the 

Stokes matrix, wc investigate a situation whore the generators of the hypcrgcomcric group have special forms. 
Namely consider a hypergeometric group F of rank k generated by pseudo-reflexions Rq, ■ ■ ■ Rk-i where 



(2.9) 
with 



Rj = idk - Q 



J' 







/o •• 


• 


tjO 


• • 








•• 


• 


tji 


•• 


• 


(2.10) 


Qj = 


•• 


• 


tj2 


•• 


• 






[0 •• 


• 


tj,k-l 


■• 


■ 0/ 



, < i < fc - 1, 



all zero components except for the j— th column. Let us define the Gram matrix G associated to the above 
collection of pseudo-reflexions: 



(2.11) 



G = 



( ^00 
^01 

io2 



iio 
til 
ii2 



tfe-1,0 \ 

tfe-1,1 

tk-1,2 



\ to,k-l h,k-l •■■ tk-l,k-l J 

We shall treat the cases where G is either symmetric or anti-symmetric. Let us introduce an upper triangle 
matrix S satisfying 

G = S+*S {resp. G = S S), 

for a symmetric (anti-symmetric) matrix G. In the anti-symmetric case, we shall use a convention so that the 
diagonal part of S* is a scalar multiplication on the unit matrix. It is easy to see that for the symmetric (resp. 

anti-symcmtric) G the diagonal clement tjj = 2 (resp. tjj = 0). 

Proposition 2.4. For an hypergeometric group F defined over R, the following statements hold. 

1 ) Suppose that the space of quadratic invariant matrices is 1 dimensional. Then X^ coincides with the 
Gram matrix G (2.11) up to scalar multiplication. 
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2) The composition of all generators i?o, • • ■ , Rk-i gives us the Seifert form: 
(2.12) Rk-i---Ro = T'S-S-\ 

where to the minus sign corresponds symmetric G and to the plus sign anti- symmetric G. 
proof 1) It is enough to prove that the Gram matrix is a quadratic invariant. We calculate 

RjG'R, = {idk - Qj)G{idk - 'Qj). 

It is esy to compute 

QjG — {tajtjb)Q<a.,b<k-l,G *Qj — {tjatjb)Q<a,b<k-l, 



QjG Qj — ijjG Q. 

It yields the following equality, 

G^Qj + QjG — QjG^Qj — (ijh((l — tjj)tja + taj))o<a,b<fe-l, 

that vanishes for G symmetric with tjj — 2 and for G anti-symmetric with tjj = 0. 

2) It is possible to apply directly our situation to that of Theorem 12 .31 In the symmetric case, ta — 2 and 



V 



( 2 tio 
2 




^20 
^21 

2 



tk-1.2 



( 

^10 
t20 






^21 



\ 






VO •■•0 2 / V ■■• tk-i^k-2 0/ 

in accordance with the notation (2.7). The formula (2.8) means (2.12) with minus sign. In the anti-symmetric 
case tii — 0,0 < i < k — 1 and (2.7) yields (2.11) with plus sign. Q.E.D. 



Corollary 2.5. We can determine the Stokes matrix S by the following relation 
(2.13) S=iidk~Rk-i---Ror'G, 
with the aid of the Gram matrix and pseudo-reflexions. 

In some sense, a converse to the Proposition 12.41 holds. To show this, we remember a definition and a 
proposition from '14|. 

Definition 2.6. The fundamental set (uo(A), • • • Uk~i{X)) of the system (1.1)" is a set of its component solutions 
satisfying the following asymptotic expansion: 

oo 

^.,(A) = (A-A,)''^5]#(A-A,)^ 

r-O 

where {Xq, ■ ■ ■ Xk-i) are eigenvalues of the matrix A and X =^ Xj is the unique singular point of Uj(X) and 
regular at the remaining points X — Xi, i ^ j (0 < j < k — \). The exponenets pj are diagonal elements of the 
matrix ^i(O). 

After ^], the fundamental set to the system (1.1)" is uniquely determined. 

Proposition 2.7. ( |14| ) Every generator of an hypergeometric group T over R defined for the system of 
type (1.1)" (without logarithmic solution) is a product of pseudo-reflexions of the follwing form expressed with 
respect to its fundamental set: 

/ • • • Sjo • ■ • \ 
••• Sji ■■■ 



(2.14) 



Alj = idk — 



V 



sj,k-i 



/ 



where Sjj ~ 2 or 0. 
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We get the following corollary to the above proposition 12. 71 



Corollary 2.8. Assume that the hypergeometric group T is generated by pseudo-reflexions Tq, • • ■ , T/c-i such 
that rank{Ti — idk) = 1 for < i < k — I. Then it is possible to choose a suitable set of pseudo-reflexions 
generators Rj like (2.9), (2.10), up to constant multiplication on Qj, so that they determine the quadratic 
invariant Gram matrix like (2.11). 

proof The proposition l2 . 7l implies that every generator Ti is a product of pseudo-reflexions Mj with Sjk possibly 
different from tjk. From the condition on the quadratic invariant and the proposition l2.4l Sjk must coincide 
with t^k- That is to say F must be generated by Mq, • • • , Mk-i with ^ = |^ for all a, 5, j £ {0, • • • , fc — 1}. This 
means that F has as its generators the pseudo-reflexions Rq, • • • , Rk-i of (2.12) up to constant multiplication 
on Qj. Q.E.D. 

proof of Theorem 11.21 First we remark that solutions to (1.3) have no logarithmic asymptotic behaviour 
around any of their singular points except for the infinity. 

In the case with k odd for X^", there exists a ^ such that the vector vq :=* (1 + ( — 1)*^^^, — fc, kC2, ■ ■ ■ , 
(^_l-jk-2 (-1)''"^ kCk-i) e R'' satisfies the relation: 

X^«wo=' (a,0,0,-- - ,0). 

Actually this fact can be proven almost without calculation in the foUwing way. First we introduce a series of 
vetors 

Wi = {x_i, x_i+i, • • • , Xk-i-i), ^ = 0, 1, ■ • ■ ,k-l. 
Then the equation (2.6)" can be rewritten in terms of wf. 

fe-i 

W£ • vh = ^(-1)' fcC, • x,^i = for 1 < £ < k - 1. 



On the other hand, the vector vjq is linearly independent of the vectors vji, . . . Wk-i by virtue of the construction 
of the matrix X. Therefore vjq ■ ^ Q as vq ^ 0. This means the existence of the non zero constant a as above. 
This relation with the coroUarv 12 . 81 gives immediately the expression below for the pseudo-reflexions 



(2.15) 



Rj = idk 



( 






V 

whose Gram matrix is equal to 



(2.16) 



(-l)^-+'=-i kC, 



-{-\f-^k-r 
(1 + (-1)'=-1)t 
~k ■ r 
kC2 ■ r 



kCk-j-i 



\ 






; 



< j < A: - 1, 



G, 



= (l + (-lf-^) 
■ kC, 



r 
■ r 



I > J 
3 > i 

(2.6)"' and the Corollary 



gives us the 



= (-1)^ - k^,- 

with some constant r. As for the case k— even, the equations 
expression (2.15) for the pseudo-reflexion generators. 

Taking into account the theorem 11.11 for the symmetric Gram matrix, we obtain the desired statement for 
the case fc— odd, as it is required from Proposition 12. 71 Ga = 2 — 2r. 

For the case fc— even, we remember a statement on the Stokes matrix from [T'( Proposition 1,2) which claims 
that if the matrix fi of (1.1) has integer eigenvalues, the equality det{S -\- *S) = must hold. The Corllarv l2.5l 
gives us the relation 

S = {idk + {idk - V){idk + Uy'^y^G = {idk + U)G-^G = idk + U, 
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with 

U,, ^ [-1)'-^+'^-^ kC.,^, ■ T 1>J. 

We shall choose the constant r = 1 so that 5 + *S' = 2idk + U +^ U posesses an eigenvector (1, —1, ■ • • ,1, —1) 
with zero eigenvalue. Q.E.D. 

Remark 2. The Gram matrix (2.16) that has been calculated for the fundamental set (Definition 12. 6|l of the 
equation (1.3) gives directly a suitable Stokes matrix we expected. For other Fano varieties, however, the Gram 
matrix calculated with respect to the fundamental set does not necessarily give a desirable form, as it is seen 
from the case of odd dimensional quadrics. This situation makes us to be careful in the choice of the base of 
solutions for which we calculate the Gram matrix. 

3. Geometric interpretation of the hypergeometric equation 

In this section we show that the equation (1.4) arises from the differential operator that annihilates the fibre 
integral associated to the family of variety defined as a complete intersection 

(3.1) Xs :={(a;o,---Xfc) eC'^'+i;/i(x)+s = 0,/2(x) + l = 0}. 
where 

fl[x) =XoXi---Xk.j2{x) ^Xa+Xi^ hXfe. 

This result has been already announced by [7] , |H1 and . Our main theorem of this section is the following 
Theorem 3.1. Let us assume that ^{fi{x) + s)|r < 0, 3?(/2(a;) + s)|r < 0, out of a compact set for a Leray 
cohoundary cycle F G H^+'^ {C^+'^ \ Xg) avoiding the hypersurfacess /i(a;) + s = and f2{x) + 1 = 0. For such 
a cycle we consider the following residue integral: 

(3.2) 4>r^(-^) - J/^Hfiix) + s)~^Hf2{x) + ir''^^, 

for the monomial :— Xq' ■ ■ ■x]^,X'^ := Xq ■ ■ -Xk- Then the integral -?^^o'p (s) satisfies the following hypergeo- 
metric differential equation 

(3.3) [d1 - k'^si^^ + i)(^, + |) . . . + = 

which has unique holomorphic solution at s — 0, 

, . \ " (km)\ ^ 

(3-4) /o(.) = E bi^'"- 

rn>0 ^ 

We shall put ( = p^^, to get (1.4) from (3.3). Our calculus is essentially based on the Cayley trick method 
developed in jl5j . 

Proof of Theorem 3.1 Let us consider the Mellin transform of the fibre integral (3.2) 
(3.5) m/"p^^"^)(z) := / s^&^''^^\s) — 

For the Mellin transform (3.5), we have the following 

fe-i fc-i 
(3.5)' MiJ'"^)(z) = g{z) Jl F(z + + 1 - i;2)F(- ^(z, + 1) - kz + vi + kv2)T{-z + V2)T{z), 

e=o 1=0 

with g{z) a rational function in e'^'^. The formula (3.5)' shall be proven below. In substituting i = 0, 1'l = V2 = I, 
we see that 
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where H denotes the path {—too, +ioo) avoidoing the poles of r(^;) = 0, —1, —2, • • • . Prom this integral repre- 
sentation, the equation (3.3) immediately follows in taking account the fact that the factor g{z) plays no role 
in establishment of the differential equation. Q.E.D. 

Proof of (3.5)' In making use of the Cayley trick, we transform the integral (3.5) into the following form 



(3.6) 



M 



{vi,V2) 



JnxRi 



xr 



pi+l g2/i (/i {x)+s)+V2 (/2 (x)+l) V2 ^z^^^ 



2/2 



with R+ a double covering cycle of the positive real axis in Cy^ turning around Up = that begins and returns 
to ?R.yp — > oo, for p = 1 or 2. Here we introduce new variables Tq, ■ ■ ■ Tk+2, 

(3.7) T^=yiXi, <i < k - l,Tk ^ yis,Tk+i = y2XoXi ■ ■ ■Xk^i,Tk+2 
in such a way that the phase function of the right hand side of (3.6) becomes 

yiihix) + s)+ y2{f2{x) + 1) = To + Ti + • • • + n+2- 

If we set 

LogT:=' {logTo,--- ,logTk+2) 
E :=* {xo,--- ,Xk-i,s,yi,y2) 
LogE:= (log xq, • • • , log a:fe_i,log s, ,log yi,logy2). 
Then the above relationship (3.7) can be written down as 

(3.8) LogT = L- Log S, 
where 



L = 



1 
1 
1 







1 1 1 





10 
10 
10 



10 10 
10 

10 1 
10 1 



This yields immediately 
with 



Log S = L"^ • Log T, 



1 

1 

1 



111 



-1 -1 -1 








-10 



1-10 

1 -A; -1 1 

10 

-1 fc 1 



If we set 
(3.9) 



{io,---ik-l,Z,Vi,V2) -L ^ = {jCo{hZ,Vl,V2),--- Xk+2{h Z,Vi,V2)). 
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then we can see that 

' JnxR^xr X y s 

A.(nxR2^xr) o<i<k+2 ' o<i<k+2 

Here L*(n x x F) denotes a (fc + 3)— cycle in To • • • Tk+2 7^ that obtained as a image of 11 x x F under 
the transformation induced by L. In view of the choice of the cycle F, we can apply the formula to calculate F 
function to our situation: 

/^e-^r^^ = (l-e^-)F(a), 

for the unique nontrivial cycle C turning around T = that begins and returns to SftT — > +00. Here one can 
consider the natural action A : Ca — > A(Ca) defined by the relation, 

J\(Ca) J(Ca) 

In terms of this action L,(H x R^ x F) is shown to be homologous to a chain 

L 

Ol"',- ji'")e[i,A]^ ' '^=1 
with TO (p) (p) G Z. This explains the appearance of the factor g[z) in front of the F function factors in (3.5)'. 
The direct calculation of (3.9) shows that 

Ci{i, z,vi, V2) = z + ii + 1 - V2,0 < i <k - 1, 

fc-i 

Ck{i,z, vi,V2) = - ^{ie + 1) +vi + k{v2 - z),Ck+i{i,z,vi,V2) = -z + V2, Ck+2{i, z,vi,V2) = z. 
1=0 

This shows the formula (3.5)'. Q.E.D. 

In combining Theorems 11.21 13.11 we can state that we found out a deformation of an algebraic variety 
Xx = {{^)''{xoXi ■ ■ ■ Xk) + 1 = 0, + xi H — • + Xfc = 1 = 0}. such that its variation gives rise to the equation 
(1.3). It means that we establish a connexion between an exceptional collection of CP'^""'^ and a set of vanishing 
cycles for its mirror counter part X\. Thus our theorems give an affirmative answer to the hypothesis stating the 
existence of such relationship between two mirror symmetric varieties (so called Bondal-Kontsevich hypothesis) 
in a special case. See |H] and ^21 in this respect for the detail. 

It is known from the theory of period integrals associated to the complete intersections that the integrals 
r'"^((l)'') fo^^A e Hk+i{C^+^\Xx,7.) such that the cycle 7^ € Hk-iiXx,Z) (of which Leray's coboundary 
is Fa) has singularities only at the discriminant locus of Xx where the cycle 7a becomes singular (or vanishes). 
On the other hand, in §2 we found a set of solutions such that Uj{X) has an unique singular point A = e^'^^^i 
and regular at the remaining points A = e'^'^^^T^ , i ^ j. Two solutions to an hypergeomctric differential 
equation (1.3) with the same assigned asymptotic behaviours at all possible singular points must coincide. In 
combination of this argument with the Picard-Lefschetz theorem, we obtain the following. 

Corollary 3.2. There exists a set of cycles 7^ G Hk-i{X\,Z), < < fc — 1 such that for their Leray's 
coboundary Tj G Hk+i{C''+'^ \ Xx, Z) we have the identity, 

4o:r,((x)') = "^W' 0<j<fc-l, 

with Uj{\) the fundamental solution to (1.3) in the sense of Definition \2.^ Consequently the Gram matrix G 
of (2.16) is equal to the intersection matrix (< 7i,7j >)o<'ij<fc-i after proper choice of constant r = 1. 
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